Abstract-Nonlinear H∞ control is considered for uncertain nonholonomic systems with external disturbances in their chained form kinematic models. State feedback controllers are explicitly constructed to guarantee an L2 gain performance from the disturbance to the system output. Without the presence of the disturbance, the system states are regulated to the origin. Recent results in robust and adaptive control of uncertain nonholonomic systems are extended to include external disturbance inputs. An simulation example shows the effectiveness of the proposed control schemes.
I. INTRODUCTION
There has been increasing interest in studying uncertain robotic systems with nonholonomic constrains for the last decade due to its inherent nonlinearity and challenges in constructing analytic control solutions, see [13] for a good review on the control problems, and [19] for a review on both holonomic and nonholonomic constrained systems. Stabilization problem was recently solved for uncertain kinematic model in its chained form in [11] . The adaptive version of a similar configuration was presented in [7] . Near optimal tracking control was designed in [18] to take into account explicitly the control effort required to solve a given problem. Combining the kinematic model with the dynamic model in a cascaded form, stabilization and tracking controls for uncertain nonholonomic systems were designed in [6] , [5] , [4] , [16] . It seems that disturbance attenuation problem has not been covered much in existing literatures. Exceptions include [3] (and some references therein), where the authors consider model reference control for perturbed nonholonomic systems with external disturbance, and an H ∞ performance was derived at the last stage of the design.
In this paper, we consider disturbance attenuation for uncertain nonholonomic kinematic systems in their chained form models. Nonlinear H ∞ control problem is solved for such systems. Since the initial results proposed in [17] , nonlinear H ∞ control was discussed intensively for structured systems in [15] , [9] , [10] , and constructive techniques using backstepping were exploited. Later on, decentralized nonlinear H ∞ control was discussed in [8] , [12] . Since disturbance is a commonly existing component in nonholonomic mechanic system dynamics, this paper presents new results in designing H ∞ controller for uncertain nonholonoimc systems with external disturbance inputs. Explicit state feedback controllers are constructed so that the effect of the disturbance on the system output is attenuated to any given level in the sense of an L 2 gain measurement. The states of the closed-loop system are regulated to the origin without the presence of disturbances. Simulation results on an example system will be given to demonstrate the responses of our controlled system. II. CLASS OF SYSTEMS AND CONTROL PROBLEM As stated in the Introduction, many nonlinear mechanical systems with nonholonomic constraints can be transformed to a canonical chained form representation. We consider a class of the uncertain nonholonomic systems in their perturbed chained form:
where x = (x 0 , x 1 , . . . , x n ) ∈ n+1 are the system states, u 0 , u 1 ∈ are the system input, ω ∈ m is the disturbance input, y ∈ is the output, γ i , p i , i = 0, 1, . . . , n are unknown functions/vectors and are locally Lipschitz in states and piecewise continuous in t, and γ i (t, 0, . . . , 0) = 0.
Assumption 1: There exist positive constants k 1 , k 2 such that
There exist known smooth nonnegative functions φ i , ψ i (1 ≤ i ≤ n), and a positive constant ψ i0 such that
(5) The objective of our design is to find state feedback controllers to make the closed-loop system uniformly asymptotically stable while arbitrarily attenuating the effect of the disturbance in the sense of an L 2 gain. A precise statement of this control problem is given below:
1-4244-0332-4/06/$20.00 ©2006 IEEE Problem of H ∞ Almost Disturbance Decoupling: Find state feedback controllers u 0 (x 0 ), u 1 (x) such that, for any given positive constant μ, the closed-loop interconnected system satisfies the following dissipation inequality
where ν is a positive semi-definite function and x(0) is the initial condition. Furthermore, uncertain system (2) is regulated to the origin if ω = 0.
III. STATE FEEDBACK CONTROLLER DESIGN
A. Design u 0 for the x 0 -Subsystem We first design u 0 for the x 0 -subsystem. The following lemmas will be used in our controller design.
Lemma 1 ([14] ): Given a differentiable function f (t) :
Consider the following positive definite function
Note that V 0 is not a Lyapunov function since the system may not have an equilibrium point.
Since ω ∈ L 2 , there exists a constant C such that
Taking the derivative with respect to time, we obtain
From equations (7), (9), (1), and (4) in Assumption 1, we havė
Using the inequality
to the third term, we geṫ
Choose
where c 0 is a positive constant. Then (12) turns to:
Therefore V 0 is a non-increasing function and thus V 0 ∈ L ∞ which implies that x 0 ∈ L ∞ . Integrating (14), we get x 0 ∈ L 2 . From (4) in Assumption 1 and Lemma 2, we conclude thatẋ ∈ L 2 . Finally from Lemma 1, since x,ẋ ∈ L 2 , we get x → 0.
B. State Scaling
From the above analysis, we see that by choosing u 0 as in (13) , the x 0 state in (1) can be regulated to zero as t → ∞. Since the system (2) is un-controllable in the limit u 0 = 0, discontinuous coordinate transformation is needed to avoid the un-controllable situation, as used in [2] , [11] , [7] . The following discontinuous coordinate transformation, an application of σ process ([1]) , is defined as the following:
In the new z-coordinates, the system (2) is transformed intoż
where
It is not difficult to obtain the following conditions on f i , g i , 1 ≤ i ≤ n, which are analogous with those in Assumption 2:
whereφ i ,ψ i are smooth nonnegative functions.
C. Backstepping Design for u 1
In this subsection, we apply recursive backstepping design procedure to the dynamics (16) in the z-coordinates.
Step 1: From (16), the z 1 -subsystem dynamics is:
To design a virtual control z 2 = z * 2 (x 0 , z 1 ) for (19), we define a storage function V 1 as
Taking time derivative of V 1 , we get:
Using (11) to the last term in the above equation, we geṫ 
where c 11 is positive constant to be chosen later. Then we haveV
It is easy to check that z * 2 (x 0 , z 1 ) is a smooth function, and z *
Step 2: Augment the z 2 subsystem to the z 1 -subsystem, and choose a storage function
Differentiating V 2 along the z 1 , z 2 dynamics, we geṫ
Substitute (27) into (26), we geṫ
Applying (4), (18), (27) and (11) to the uncertain term Δ 2 , and after lengthy but simple calculations, there exist smooth nonnegative function ϑ 21 , ϑ 22 such that:
where l 21 , l 22 , d 21 are positive constants, z 2 = z 2 − z * 2 , and
Choose the virtual control z * 3 (x 0 , z 1 , z 2 ) as the following:
where c 22 is a positive design constant. It can be checked that
Then we havė
Step i 
Its time derivative iṡ
where where
This complete the proof of Theorem 1.
IV. A SIMULATION EXAMPLE
We consider the following example system which belongs to the class of systems in this paper's interest:
We choose u 0 = −x 0 for the x 0 -subsystem, and apply the state scaling
Following the design procedure showed in Steps 1 and 2 of Section III-C, the responses of the closed-loop system and the time history of control inputs are shown in Figure 1 . It can be seen that our control scheme achieves satisfactory performances.
V. CONCLUSIONS
In this paper, we consider nonlinear H ∞ control for a class of uncertain nonholonomic systems in their chained forms. Recent results presented in [11] , [7] are extended to the class of uncertain chained form systems with external disturbances. Constructive controllers are designed using backstepping, and the so-called H ∞ almost disturbance decoupling problem is solved. The states of the closedloop system are regulated to the origin without the presence of disturbances. With the presence of the disturbance, the effect of the disturbance on the system output is attenuated to any given level in the sense of an L 2 gain measurement. An simulation example shows the effectiveness of our control schemes.
